THETA LIFTING AND COHOMOLOGY GROWTH IN p-ADIC TOWERS 



MATHIEU COSSUTTA AND SIMON MARSHALL 



Abstract. We use the theta lift to study the muhiphcity with which certain automorphic 
representations of cohomological type occur in a family of congruence covers of an arithmetic 
manifold. When the family of covers is a so-called 'p-adic congruence tower' we obtain sharp 
asymptotics for the number of representations which occur as lifts. When combined with 
theorems on the surjectivity of the theta lift due to Howe and Li, and Bergeron, Millson 
and Moeglin, this allows us to verify certain cases of a conjecture of Sarnak and Xue. 



1. Introduction 

The purpose of this paper is to quantify results of J.-S. Li [S] which establish the existence 
of certain automorphic representations of cohomological type on the classical groups. This 
problem was previously considered by the first author in 0, and this paper provides a sharp 
form of the results proven there. To recall Li's results, let F be a totally real field and let 
{E, l) be an extension of F with an involution l of one of the following types: 



E 



F, case 1, 

a quadratic extension E/F, case 2, 

id, case 1, 

the Galois involution of E/F, case 2. 

We shall use v and w to denote places of F and E respectively, and denote the completion 
of F at w by Fy (resp. E at w hj Eyj). If v is non- Archimedean, we shall say that a 
Hermitian space V over E is unramified at f if f does not divide 2 and the Hermitian space 
Vy = V^pFy over the algebra E^pFy contains a self-dual lattice L. Note that this condition 
is automatically satisfied in the case where v splits in E. 

Let V and V be finite dimensional vector spaces over E with dimensions n and n' respec- 
tively, which we equip with non-degenerate sesqui-linear forms ( , ) and ( , )'. We assume that 
n' < n, and that ( , ) is r^-Hermitian and ( , )' is —1] -Hemitian for r] G {±1}- We may equip 
the space W = V ®e V with the symplectic form 

(,)=tr^/H(, )»(,)'), 
and define G, G' and Sp(H^) to be the isometry groups of ( , ), ( , )' and ( , ) respectively, 
considered as algebraic groups over F. Then (G, G') is a type I irreducible dual pair inside 
Sp(W^). Likewise, if G(M) and G"(]R) are the real points of the groups obtained after restrict- 
ing scalars to Q then (G(]R), G'(]R)) is a type I irreducible dual pair inside the corresponding 
real symplectic group. We shall assume in case 1 that both V and V' have even dimension; 
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this ensures that the metaplectic cover of Sp(Ty) sphts on restriction to G x G" by a result 
of Kudla [6]. Let L C be an Oe lattice, whose completion in we shall assume to be self 
dual whenever V is unramified, and F C G{M.) the arithmetic group stabilising L. Let r be 
the dimension of the maximal isotropic subspace of V, and define 

case 1,1] = !, 
case I, r] = —1, 
case 2, 

case 1, 
case 2. 

In [11], Li characterises the representations vr of G{M.) which are of cohomological type 
and are realised as the local theta lift of a discrete series representation from a smaller 
group G'(]R) (which must be unique). The set of such representations is quite large, and in 
particular is the entire cohomological dual in the cases where G{M.) is SO{n, 1) or U{n, 1). 
Moreover, in [8] he proves that if vr is such a representation and n > 2n' + 4(1 — 2 then vr is 
automorphic, i.e. there exists a congruence subgroup F' C F such that vr occurs discretely 
in L^(F'\G'(]R)). We shall state Li's results more precisely in section 121 

We shall state our results in adelic terms in order to avoid technicalities coming from the 
failure of strong approximation in orthogonal groups. Let A be the ring of adeles of F, A/ 
the ring of finite adeles, and for L G V a. lattice which is self-dual in Vy wherever possible and 
n C Op an ideal, we define K{n) to be the standard family of compact subgroups of G{Af) 
with respect to L (notations to be defined more precisely in section [3]). If G^ is the subgroup 
of elements with trivial determinant in G and Kq^ C G(]R) is the standard maximal compact 
subgroup, define 

X(n) = G{F)\G{A)/K{n), 
X%n) = G\F)\G%A)/K%n), 
Y{n) = X{n)/K^, Y\n) = X\n)/K^. 

As will be discussed in section [3l X°(n) is connected in case 1 with rj = —1 and case 2, 
and in case 1 with r/ = 1 has a bounded number of components if we assume that n = cp'^ 
with c and p fixed. Define Lg(X(n)) C L^(X(n)) to be the subspace generated by twists of 
all automorphic forms on G which are in the image of the theta lift from a group G' with 
n' satisfying n > 2n' + Ad — 2, and let ^^(Tr, n) be the multiplicity with which vr occurs in 
Lg{X{n)). Define mg{7i,n) to be the analogous multiphcity for X°(n). We aim to quantify 
Li's existence theorem by determining the asymptotic growth rate of mg(7r,n) for n of the 
form cp*^ as A; — )■ oo, where p is a sufficiently unramified prime which is inert in E and vr is 
one of the cohomological forms considered by Li in |11] . 

We shall state our theorem with the aid of two sets of places S and S' of F. We define 
S to contain the Archimedean places, the primes above those which ramify in E/Q, and 
the places at which the Hermitian space V is ramified (in particular, all places above 2). S' 
may be any set of places containing S and such that the S"-units of F assume all possible 
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combinations of sign at the Archimedean places. Throughout the paper, we shall use *P to 
denote the prime of E lying above p. Our main theorem may then be stated as follows. 

Theorem 1. For p ^ S which is inert in E and any ideal c G Op, we have 
(1) m°(7r, cp'=) < ^N^)nn'k/2_ 

Moreover, this upper bound is sharp after multiplying c by a suitable product of primes in S' . 

Remark. It will be seen in the course of the proof that the upper bound in theorem [T] 
continues to hold in case 1 if rj = 1 and n is odd. The only point at which we use our parity 
assumption is when we split the metaplectic cover on restriction to the dual pair, so that 
we may produce forms on G{A) and apply the multiplicity results of Savin [15] in section 
13.31 In case 1 with 77 = 1 and n odd, the Weil representation has a very simple restriction 
to G{A) so that we may still produce forms on G{A). Moreover, the forms on G'{F)\G'{A) 
that we are lifting still have their Archimedean components in the discrete series, and so 
have nonzero (g, K) cohomology. Proposition [TT] is therefore still valid, and the proof of the 
upper bound goes through as before. The lower bound relies on the results of Savin, and we 
do not know whether these continue to hold for the metaplectic quotient G'{F)\G'{A). 

Remark. It was stated in section 2.5 of [3J that the lower bounds on mg given there only 
hold under the additional assumption that n > 5n'/2 + 1. This is in fact unnecessary, and 
its only purpose was to guarantee the stable range assumption n > 2n' + Ad — 2 while being 
simpler in form. 

1.1. The Conjecture of Sarnak and Xue. For any representation vr of G'(M), let p{n) 
denote the infimum over the set of p > 2 such that all i^'-finite matrix coefficients of vr lie in 
U'{G{E.)). There is a conjecture of Sarnak and Xue which asserts that 



(2) m°(7r, n) Vol(X°(n))2/PW+S 

and this may be proven in a number of cases by combining theorem [1] with results of Howe 
and Li [U [7], and Bergeron, Millson and Moeglin pLj on the surjectivity of the theta lift. If 
TT occurs in the Archimedean theta correspondence for the pair (G(M),G'(M)) as the lift of 
a discrete series representation, then one may show using theorem 3.2 of [10] that 

(3) 



p{tx) n-2 + 2d 

In comparison, theorem [1] may be expressed in terms of the volume of X°(cp^) as 

^or^ r^'^^ / Vol(XO(cp^))"'/(«-.), case 1, 
m,(7r,ciJ j « I Vol(XO(cp'=))™'/(n^-i), case 2. 

It can be seen that these exponents are always strictly less than those of ([3]), so that theorem 
[T] provides a strengthening of the Sarnak- Xue conjecture when the theta lift is surjective. 
We now describe the two cases in which this is known. 
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The results of Howe and Li [U [7] state that m6)(7r,n) = m{n,n) if vr occurs in the 
Archimedean correspondence with a representation of (j"(]R) with G'(]R) compact and n' < r. 
Note that this forces us to either be in case 1 with 77 = —1 or in case 2, so that G is symplectic 
or unitary. In the case of the symplectic group Sp2„(M), the representations which satisfy 
this condition are exactly the singular holomorphic representations of rank < n. Note that 
the rank of a representation of Sp2„(M) must be either n or an even integer < n; see [H [7] 
for more information about these singular forms. As an example, we may apply theorem 
[1] to the lattice T = Sp2„(Zi) and its principal congruence subgroups r(A^) to deduce the 
following: 

Corollary 2. If n is a singular holomorphic representation o/Sp2„(M) of rank n' < n and 
p 7^ 2, we have 

Moreover, this asymptotic hound is sharp if c is divisible by a sufficiently high power of 2. 

The singular holomorphic representations of rank n' are the ones which contribute via 
Matushima's formula to the cohomology of Y{cp^) = r(cp'^)\Sp2„(M)/f/(n) in bidegree 
(?T,'(4n — n' + 2)/8, 0) (note that this corrects an error in theorem 0.1 of [3J). We may therefore 
rephrase corollary |2] as stating that 

dimi/;^f-*+')/'(r(c/),C) « Vol(F(c/))*/(2"+V2) 

for all t < n/2, and we may deduce similar results in the case of Sp2„(Of) for arbitrary F. 
In the case of singular forms of rank 2 on Sp2„(Zi), m{'K^N) was exactly determined by Li 
in [9]. In particular, he proves that m(7r, A^) = unless 4|A^ or p\N with p = —1 (4), which 
demonstrates that the upper bound in our Theorem is not always attained. 

The second surjectivity Theorem that we shall apply is due to Bergeron, Millson and 
Moeglin [T], and is presently conditional on the stabilisation of the trace formula for the 
(disconnected) groups GLn x {0) and S02n x {0') , where 9 and 9' are the outer automorphisms. 
They consider congruence arithmetic lattices in SO{d, 1) which arise from a nondegenerate 
quadratic form over a totally real number field, and prove that mg{n, n) = m(7r, n) for all tt 
which contribute to the cohomology of Y{n) in degree i < [d/2\/2. Note that they place 
no restriction on the parity of d. When we combine this result with Theorem [1] and the 
subsequent remark in the case of odd dimensional orthogonal spaces, this implies 

Corollary 3. Assume the results set out in section 1.18 of [1]. Let Y{x\) be compact arith- 
metic hyperbolic manifolds of dimension d which arise from a quadratic form over a totally 
real field. If t and p are as in TheoremUl and i < [d/2\/2, we have 

dim H\Y {cp'')X) < Vol(F(cp^))2^/^. 

The structure of the paper is as follows. We shall begin by recalling the construction of 
the global theta lift and its dependence on certain auxiliary data in section [2J In section [3] 
we shall give precise statements of Li's results on the existence of cohomological forms, and 
review the methods used by the first author in [3] to bound their multiplicities. Section H] 
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presents the modifications which we have made to the arguments of [3] in order to make 
them sharp. 
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2. Review of the Theta Lift 

2.1. The Local Theta Lift. Let G{F^), G'{F^) and Sp(W„) denote the F^-valued points 
of the groups G, G' and Sp(iy). Define Mp(H4) to be the metaplectic cover of Sp(PK,) 
satisfying 

1 5^ Mp(iy,) Sp(iy„) ^ 1, 

and let and G'^F^) be the inverse images of G^F^) and G'{Fy) in Mp(M4). Because 

we are not in case 1 with one of n and n' odd, Kudla ^ has proven that the covering 
G{Fy) X G'{Fy) —7- G{Fy) X G\Fy) is trivial. In particular, he has proven that one may 
associate a section 

: G{Fy) X G\Fy) G{Fy) X 
to any character x of {E ®p F^)^ whose restriction to F^ is the quadratic character of the 
extension Eyj/Fy. 

For each choice of nontrivial additive character of F^ there exists a Weil representation 
uj^ of Mp(Wu) in which acts via the standard character, see O |T7]. We denote the 
restriction of to G{Fy) x G\Fy) under by oj-^; we shall discuss the dependence of this 
representation on ip and x section 12.21 If 7r„ is an irreducible admissible representation of 
G'{Fy), we define 

0(7r„, Vv) is a representation of G{Fy), and in [5] it was conjectured by Howe that 6(7r^, K) 
admits a unique irreducible quotient. This is known in amost every case by work of Howe 
[5], Waldspurger [12] and Li [lO]. 

Theorem 4. Howe's conjecture is true if: 

• V is Archimedean (Howe, [5]j. 

• V is non- Archimedean and does not divide 2 (Waldspurger, [12] j. 

• V is non-Archimedean and the pair {G'{Fy),G{Fy)) is in the 'stable range'. If v splits 
in E this means that n > 2n' , and otherwise that Vy contains an isotropic subspace 
of dimension at least n' (Li, ^U\). Both of these are guaranteed by the inequality 
n > 2ra' + 4rf- 2. 

In the cases where it is known to exist, we shall denote the unique irreducible quotient of 
e(7r„K) by^(7r„V;). 
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2.2. The Global Theta Lift. Let A and A^; denote the rings of adeles of F and E respec- 
tively. Let Sp(H^, A), G{A) and G'{A) denote the adelic points of the groups Sp(Vr), G and 
G', and define Mp{W,A) to be the metaplectic cover of Sp(iy, A) satisfying 

1 — > — > Mp(W^, A) — > Sp{W,A) 1. 
The restriction of this covering to Sp(iy, F) has a unique section ip, and we shall frequently 
consider Sp(iy, F) as a subgroup of Mp(l^, A) by means of this section. Let G(A) and G"(A) 
be the inverse images of G{A) and G'{A) in Mp(lV, A). As in the local case, we may use the 
results of Kudla to associate a section 



(4) iy, : G{A) X G"(A) ^ G{A) x G"(A) 

to any character x of A^/E^ whose restriction to A^ is the quadratic character of the 
extension E/F. We digress to prove the following compatability result for and ip, which 
allows us to state Theorem [T] in a simple form. 

Lemma 5. The sections and ip agree on G{F) x G'{F). 

Proof. We shall adopt the notation of Kudla |6j during the course of the proof. We begin 
by showing that the Weil index is globally trivial, which is to say that if a e F and t] is an 
additive adele class character, and ■jvicLv, Vv) is the local Weil index of and rj^ with respect 
to the field Fy, then 



iF{a,v) ■= n 



lv[av,r]v) 



We shall prove this by studying the metaplectic cocycle of Sp2(A), following Ranga Rao [13] 
and Kudla. 

Let y C -F^ be a one dimensional subspace, and let cy be the metaplectic cocycle of Sp2(A) 
which is the product of the local cocycles constructed by Ranga Rao using the completions 
of Y. We use this cocycle to identify Mp(W,A) with Sp(iy, A) x S^. Choose a basis (fi,f2) 
for with vi eY. If G Sp2(-F), express g with respect to the basis (^1,^2) as 

a b 
c d 

and define x{g) to be c if c 7^ and d otherwise, and j{g) to be if c = and 1 otherwise. If 
ip is the adele class character used to define the global Weil representation, let rj be related 
to ip by rj{x) = 'ip{x/2). We then define the function /5y : Sp2(-F) — )■ by 

Py{g)=^p{x{g),^r^^p{7^r^^\ 

By applying Theorem 3.1 of [6J in case 1+ with V = F and W = F"^, and observing that the 
normalised cocycle Cy appearing there is globally trivial by Hilbert's reciprocity law and the 
global triviality of the Hasse invariant, we see that 



(5) 



CYigi,g2) = d(3v{gi,g2), fi'1,5'2 e Sp2(F) 
= (3vigig2)(3vigir'(3vig2)-'. 
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It follows that the unique section Sp2(-F) — )■ Sp2(A) is given by (7 {g, Pvi.9))- 

Now let Y' = Ya be any other one dimensional subspace, where a G Sp2(-F), and let Cy 
be the associated adelic cocycle. It is proven in lemma 4.2 of [B] that c'y = cydX, where A is 
the 1-cochain given by 

Kg) = cy(a, ga~^)cYig, a~^), g G Sp2(A). 

Specialising this to rational g and applying ([5]) gives \{g) = f3v{a)^^ f3v{c(^^)^^ , so that A is 
constant on the rational points. Moreover, if Py is defined analogously to Pv with respect 
to Y' then we have 

d/3'y = dPvdX. 

P'y and /3yA therefore differ by a character of Sp2(-F), and because Sp2(-F) admits no nontriv- 
ial characters we in fact have (5y = (iyX. Evaluating both expressions at the identity matrix 
gives A = 1, so /3y = We may easily find g G Sp2(-F) and F, Y' such that i{g) = j'{g) = 1, 
and so that x{g) assumes any value we choose while x'{g) = 1. We therefore have 

lF{x{g),r]y^-fF{v) = Pvig) = Pvia) = lF{x'{g),T])-^-fF{v) = 1f{ti) 

as required. 

We now consider an arbitrary pair G x G' G Sp(W^). Let Y G W he a. rational maximal 
isotropic subspace, and cy the adelic metaplectic cocycle as before. We use cy to identify 
Mp(W, A) with Sp(Vr, A) X S^, and let x and be as in dH). 

In case 2, it may easily be checked using the global triviality of the Weil index that is 
trivial on G{F) x G'{F), so that 

^xidu 92) = i9i92, 1), ^1 X ^2 e G{F) X G'{F). 

On the other hand, by applying case 1+ of Theorem 3.1 of [6] as before and using our 
observation that cy = d(3v on Sp(iy, F), we see that 

^F{9) = {9,Mvr'^'^), 9eSp{W,F), 

where j{g) is determined by the Bruhat cell of g in Sp(iy) and we again have rj = ^ip. The 
restriction of ip to G{F) x G'{F) must differ from by a character, and this character 
must be trivial because G{F) and G'{F) both intersect the largest Bruhat cell of Sp(iy) in 
a Zariski open set. Therefore ip = as required. 

In case 1, ip and must agree on the symplectic member of the dual pair because their 
difference is a charater, and Sp2„(-F) admits no nontrivial characters. The agreement on the 
orthogonal member follows as above, this time using the fact that the orthogonal member is 
contained in the standard parabohc of Sp(iy) so that j is constant on it. 

□ 

We now continue to review the global lift. For each choice of nontrivial additive character 
ip of A/F we let be the global Weil representation of Mp(W,A). If = X © F is a 
complete polarisation of W we may realise on the space L^(X(A)), in which the space of 

7 



smooth vectors is the Bruhat-Schwarz space S{X{A)). On S{X{A)) there is a distribution 
9 defined by 

which satisfies 

For each ip G S'(X(A)) we set 

64,(9, h) = e{u^{gh)(f)). 

O^y is then a smooth, slowly increasing function on G\F)\G'{K) x G{F)\G{K); see |5lll7] for 
these facts. Note that there is no ambiguity in the definition of G'{F) x G{F) C G'(A) x G{K) 
by lemma [51 

Let TT be a cusp form contained in L'^ [G' {F)\G' (A)) which transforms under according 
to the inverse of the standard character. Because of the splitting i^, this is equivalent to 
giving a cusp form on G'{F)\G'{A). For each f e it, we may then define 

04,{f,h)= [ 94ig,z^{h))f{g)dg, heG{A). 

JG'{F)\G'iA) 

In general, O^i^f, h) is a smooth function of moderate growth on G{F)\G{A). However, if we 
assume in addition that n > 2n' + 4d — 2 then the following theorem was proven by Li in [8]. 

Theorem 6. 9tf,{f,h) is square integrable, and nonzero for some choice of f E it and G 
S{X{A)). //0(7r, y) is the subspace of L'^{G{F)\G{A)) generated by the functions O^lfjh) 
under the action of G{A), then Q{7t,V) is an irreducible automorphic representation which 
is isomorphic to ®^9{it^,Vv) ■ 

We shall refer to the automorphic representation 0(7r, V) as the global theta lift of tt. We 
finish this section by discussing how Q{7t,V) depends on the choices of ijj and x we have 
made. Let ^po be the standard additive character of the adeles of Q, and choose ip to be 
the puUback of ipQ to A via the trace. Any other nontrivial character of A/F is of the form 
ip{ax) for some a G F^, and we denote this character by ipa- Denote the Weil representation 
u^^ by Ua- It is known that Ua and Ub have no irreducible component in common if ah is 
not a square in F^ , and that the duality correspondence between G'{A) and G{A) depends 
on a. However, it is well known that this dependence can be transferred from ipa to the 
quadratic form ( , )', in the sense that the correspondence with respect to Ua for the pair 
(G", G) considered as the isometry groups of ( , )' and ( , ) is the same as the correspondence 
with respect to uj^ for (G", G) considered as the isometry groups of a( , )' and ( , ). Because 
we shall be taking a sum over all quadratic forms ( , )' in this paper, we therefore only need 
to consider the character ijj which is unramified away from the different of F/Q. 

We only need to consider one choice of section i^ for a similar reason. Define A]^ by 

A]^ = {z e Ae\zz' = 1}. 
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If Xi ci-nd X2 are two characters of A^/E^ which agree on A^, we may define a character 
'^xi,X2 of as follows. If 2; G A^, we may choose u G A^; such that z = u''/u, and define 

«xi,X2(^) to be 

"X1,X2(^) = XiX2\u). 

It can be seen that this is independent of u, and factors through E^. The sections i^-^^ and 
then differ by twisting by axi,x2y 

ix'zia) = "xi,X2(det c/)ixi(^), 9 ^ G'i^) x G{^)- 
Note that we are identifying the subgroup of Mp with the norm one complex num- 
bers. This relation between i^-^ and i^^ implies that the two representations Gi^,j(7r,V^) and 
Qy,^{7T, V) which they provide are twists of one another. Because we shall be considering all 
twists of these representations in any case, we only need to consider the lift constructed with 
the use of one character x, which we may take to be unramified away from the different of 
E/Q. 

3. Construction of Cohomological Automorphic Representations 

This section contains a review of the results of Li in [HIITI] on the existence of cohomological 
automorphic representations on arithmetic manifolds, as well as the the approach taken by 
the first author toawrds making these results quantitative in [3]. 

3.1. Some Results of Li. In [llj, Li determines those unitary automorphic representations 
of G(]R) which occur in the Archimedean theta correspondence for {C, G) as the lift of a 
discrete series representation. We recall that the cohomological unitary representations of 
G(M) were classified by Vogan and Zuckerman in [16]. They are denoted by Aq{X) where q is 
a ^-stable parabolic subalgebra of the complexified Lie algebra g of G{M^) and A is a suitable 
one-dimensional representation of q. We shall state Li's results in the case where G{M.) is 
almost simple, and allow the reader to infer the corresponding statements in the reductive 
case. Choose a 6'-stable Levi decomposition q = [ + u, and set Iq = irigo, where Qq is the Lie 
algebra of G(]R). Li then proves 

Theorem 7. • Let it be a "sufficiently regular" discrete series representation of G'{M.) 
(see [11] for terminology). Then 6{tt,V) is a nonzero representation of G{M.) of the 
form ^q(A) with q and A explicitly determined. 
• Given an Aq(A) for G{R), assume that 

to = fo©0i, 

where Iq is a compact lie algebra and Qi is of the 'same type' as g. Then there 
exists a group G' with n' < n, and a discrete series representation tt o/G"(]R) which 
is "sufficiently regular", such that Aq(A) is the theta lift of tt. In particular, every 
A^{X) is obtained this way when G{R) is SO{n, 1) or U{n, 1). 

We shall refer to those cohomological representations of G(]R) which are obtained as the 
lift of a discrete series representation of (ji"(]R) with n > 2n' + 4(i — 2 as being of discrete 
type. As a consequence of his proof of Theorem El Li is able to deduce in [S] that if vr 
is a cohomological representation of G(M) which is of discrete type, then it occurs as the 
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Archimedean component of a representation in the discrete subspace of L^{G{F)\G{A)). 
See section 2.2 of ^ for a description of those representations which are of discrete type, 
including the degrees in which they contribute to cohomology. 

3.2. Notation and Definitions. We shall now introduce our notation and give a precise 
definition of Lg(X(n)). Let C„ and denote the rings of integers of F„ and for v and 
w finite, and define 

Oe=11 O^. 

w\oo 

Let L be an lattice in V , and let 

L=\[L^ = L®dE 

w\qo 

be its adelic closure. If n C C^? is an ideal, define the principal congruence subgroup 
K{xi) C G(A) by 

K{n) = {geG{Kf)\{g-l)L(lnL}. 
We shall write K{n) product of the form 

K{n) = \[K,{n). 

v\ oo 

Similarly, if vj^ denotes a uniformiser of O^, then for v a non- Archimedean place of F and 
any choice oi w\v define 

K^{wl) = {ge G{F^)\{g - l)L^ C w^L^}. 

We shall use K and to denote the compact subgroup corresponding to the choice n = Op- 
Recall that we have defined X(n) and X°(n) to be the quotients 



X(n) = G(F)\G(A)/ir(n), 

XO(n) = G°(F)\G°(A)/ir°(n), K°(n) = ir(n) n G°(A). 
We define aiV) to be 

n{n — 77)72, case 1, 
n^/2, case 2, 

so that we have 

Vol(X(cp'=)) ~ Xq}°(^)*^ 

(and likewise for aiV')). 
We define Ll{G{F)\G{K)) C L'^{G{F)\G{K)) to be the G(A)-invariant subspace 

00a(det(7)®0(7r,l^). 

a,V' TT 
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The first sum is indexed by the —rj -Hermitian spaces V over E in the stable range, and the 
set of characters a of /i(F)/i(]R)\/i(A) where /i is the algebraic group 

id, case l,ri = —1, 
{±1}, case 1, ?7 = 1, 
f/(l), case 2. 

The second sum is taken over the set of cuspidal automorphic representations of G'{A). We 
denote the i^(n)-fixed subspace of Lg{G{F)\G{A)) by Lg(X(n)), and the set of restrictions 
of functions in this space to X°(n) by Lg(X°(n)). 

Suppose that v4q(A) is a cohomological automorphic representation of ^(IR) of discrete 
type, so that there is a quadratic space over E M and a discrete series representation 
TTq of the isometry group U{V^) of such that Aq{X) is realised as the lift of from 
C/(Vq). We denote the multiplicity with which Aq{X) occurs in L^(X(n)) (resp. Lg(X°(n))) 
by mg{A^{\),n) (resp. mg(Aq(A), n)). Define /i(n) to be the finite group 

/x(F)/x(M)\/i(A)/detir(n). 

Because we are free to twist elements of Lg(X(n)) by characters of /i(n), and X°(n) is equal 
to the kernel of all of these characters, we have 

me{A^{X),n) = |/i(n)|m^(Aq(A), n), 

and |/i(cp^)| ~ Np^''. 

In case 1 with rj = —1 and case 2, G'^ satisfies strong approximation. Therefore the lo- 
cally symmetric space Y^{n) is connected, and if r(n) C G°(]R) is the set of elements which 
preserve L and act trivially on L/nL then we have Y^{n) = r{n)\G^{M.)/Koo. In case 1 
with 7] = 1 G^ does not satisfy strong approximation, and so Y^{n) will not be connected 
in general. However, the number of connected components of y°(cp'^) will be bounded as 

— )• oo, and moreover any two of these components will have a common finite cover whose 
index above both may be bounded independently of k. 

3.3. Reduction to Local Representation Theory. We shall assume for the rest of the 
paper that n = cp*^ for c and p as in Theorem [1] The multiplicity mg{Aq{X), cp'') with which 
Ac^{X) occurs in Lg(X(cp'^)) is equal to 

mg{A,{X),cp') =00 dim(a(det^7)®e(7r,l^);)^(^P'=) 

a, 7r=7roo8i7rf 

(6) =00 ndi^("''(d^t^7)®e(7r,\/),)^"(^P'). 

o, 7r=7roo<Xi7rf u| oo 

Here, V denotes the set of Hermitian spaces V such that V ®q]R ~ V^, and 6(7r, V) / denotes 
the finite components of the representation Q{7c,V). We shall begin to prove bounds for mg 
by first controlling the Hermitian spaces V and the level of the automorphic representations 
TT which may contribute to the sum. For each V G V, choose an Oe lattice L' which is 
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self-dual in VI whenever possible, and define compact subgroups K'{x\) and K'^{w^) of G'{A) 
with respect to L' in the same way as with G{A). In lemma 2.9 of [3], the first author proves 

Proposition 8. For all places v ^ S : 

• If (a, ® e(7r, ^ then a.|det7^„(-£) = 1- 

• 0(vr, V)^" if and only if is unramified and tTv" 7^ 0. 

Proposition [8] implies that the only spaces V which can contribute to the sum ([6]) must 
be unramified outside S and the places dividing c, and it is known that the number of these 
is finite. Indeed, when V is orthogonal this follows from the simple observation that the 
existence of a self dual lattice at a place v implies that has trivial Hasse invariant and that 
its discriminant has even valuation. Therefore there are only finitely many square classes 
which can be assumed by the discriminant of V, and finitely many possibilities for its local 
Hasse invariants, and these uniquely determine V by the classification of quadratic forms 
over a number field. The case where V is Hermitian reduces to the orthogonal case, as 
Hermitian forms are uniquely determined by their trace forms, and the symplectic case is 
trivial. 

As a result, when proving the upper bound ([1]) we may assume that V consists of a single 
space v. We may control the level of vr at the places dividing c and those in S using the 
following result, stated as Proposition 2.11 of [3]. 

Proposition 9. Let v be any non- Archimedean place of F, and assume that 
for some t. Then there exists t' depending only on t such that 

n \ . ./s — 1 TrK{-^i) ^ n 

Moreover, there exists C{L, L' ,v,t) such that 

dim(a^ ® ^^(7r^,V;))^"^"'"^ < C{L, L' ,v,t) dim 

(Note that the result stated in |3] does not include the statement about the ramification of 
Oy, but this follows easily in the same way as the first point of Proposition |8l) Propositions 
E] and [H] together imply that the conductor of the character a must be bounded away from p, 
and so the number of characters which may contribute to the sum is on the order of A^p*^*^. 
Furthermore, there exists an ideal c' of Op which is divisible only by primes in S and those 
dividing c such that 

a 7r=7roo®7i"/ tj{ oop 

Too— TTq 



« Np'" ^p(7rp,\/p)^^(P') J] dim(7r^ 



Kin 



Factorise K'{c') as Kl{c')K"^{c'), and let Ll^^p{X'{c'p°°)) be the space of A:'P(c')-fixed 

vectors in Ll^^^{G' {F)\G' (A)) . This space decomposes discretely with finite multiplicities 

under the action of G"(]R) x G'{Fp), and we write the vTq-isotypic component of this space as 
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TTq ® 07rp,i = TTq (g) Hp. 
1=1 

We may now reformulate the problem of bounding nig in local terms. It follows from the 
trace formula (see Savin [TB]) that 

(7) dimnp^^(p')~ivq3^"(^'). 

In fact, we shall use a slight refinement of this upper bound, proven in section HI By studying 
the local theta correspondence, we shall prove that (j7]) implies 

oo 

(8) Yl dim(^(7rp,„ yp))^^(P') ~ Nr'"^', 

1=1 

from which the required upper bound on rrig follows immediately. 

We will approach the lower bound in the same way, after first choosing a suitable Hermitian 
space v. In case 1 with 77 = 1 we may take the standard symplectic form, while in the other 
cases we choose the diagonal form 

n' 

( , ) ^ ^ Q-i^iX^ 
i=l 

where Oj are S"-units with the required signs at Archimedean places. It can be seen that V 
is then unramified away from S' . We let V C l^' be a lattice which is self dual away from S", 
which we use to define families of compact subgroups of G'{A). We may also reduce proving 
a lower bound for me to a local problem using the following counterpart of Proposition |9l 
stated in [3] as Proposition 2.13. 

Proposition 10. For every non- Archimedean place v and compact open subgroup K'^, there 
exists a t such that 

dim^(7r„,K)^"^"^^ > dimvr^. 

As in proving the upper bound. Propositions |8] and [10] imply that there exists an ideal c' 
divisible only by the primes in S' such that 

mg{A,{\), cY) » Np'' 9{n„ \/p)^^(>''=) J] dim(7r,)^^ 

7r=7rcx)®7rj- v\ oop 

Too— Tq 

and hence the lower bound in Theorem [T] would also follow from the asymptotic ([H]) • Note 
that that factor of Np^'' again appears because of our freedom to twist by any character 
with trivial Archimedean type and which is only ramified at p. 
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4. Application of the Local Theta Correspondence 

We have reduced the proof of Theorem [1] to showing that an asymptotic such as ([7]) 
for the dimension of the i^'p(p'^)-fixed subspace of a direct sum of irreducible admissible 
representations of G'{Fp) implies the corresponding asymptotic ([H]) for their set of local 
theta lifts. We shall in fact use a slightly refined form of the upper bound in ([7]), which takes 
into account the decomposition of Up into irreducibles under the action of K'^. 

Lemma 11. If p is an irreducible, finite dimensional complex representation of K'^ on a 
vector space Fi, we have 

dim Hom^/ (p, Up) <^ dim Fi . 

Proof. Let K'^ be a maximal compact subgroup of G"(]R), and define Y'{c) to be the locally 
symmetric space X'{c)\K'^. The proposition will follow easily from the fact that vTq is discrete 
series, and therefore contributes to the cohomology of certain automorphic vector bundles 
over Y'{c'). More precisely if (t, F2) is an irreducible, finite dimensional representation of 
G'(]R) with the same infinitessmal character as vr^ and q = (dimG'(]R) — dimi^'^)/2, it is 
well known (see chapter 2, section 5 of [2]) that 

(9) H''{q,K;7t,(^F2)-C. 

Let J-" be the trivial vector bundle over G'{A) with fibre Fi ®F2. Let G'{F) act on J-" from 
the left by 

7(51, f 1 (g) V2) = ing, vi ® r(7)f2), 

where r(7) denotes the composition of r with the natural embedding of G'{F) into G'(M). 
Let act on J-" from the right by 

{g, vi (g) V2)k = {gk, p{k~^)vi (g) V2), 

and let K"^ and K'^ act on the right through the first factor alone. Define J-" to be the 
quotient of J-" by the left and right actions of G'{F) and K'^K'; it is a flat bundle over 
F'(c'), and it follows from that 

dimi7,^„,p(r(cO,-F) = dimHom;,,(p,np). 

Because the cuspidal cohomology is a subspace of the total cohomology, it therefore suffices 
to prove that 

dim/7''(y'(c'),J^) < dimFi. 

If we fix a triangulation of Y'{c') in which to compute H'^{Y'{c'),J^), it is clear that the 
dimension of the space of chains valued in Fi ® F2 is <^ dimFi, from which the proposition 
follows. 

□ 
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4.1. The Upper Bound. To deduce the upper bound in ([8]) from lemma [TT| we shah use 
the lattice model of the oscillator representation of Mp(P1/p). Note that from now on all 
groups and vector spaces will be assumed to be local at p, and so we shall drop the subscript 
from our notation and also use p to denote a uniformiser of Fp. We recall that we have 
chosen self-dual lattices L' C V and L C V, and define J C to be the self-dual lattice 
L' L. Let S(W) be the lattice model of the Weil representation of Mp(iy), consisting of 
compactly supported functions on W which satisfy 

f(w + j) = iji-^{j,w)f{w)), yjeJ. 

Here, is the local component at p of the additive character introduced in section |2l which 
we have assumed to be unramified. If H G Sp{W) is the stabiliser of J, the action of H in 
S{W) may be written (up to a character) as 

(10) u{h)(j){x) = (pih-^x). 

Let S'(W^)[r] be the subspace of functions which are supported on p~^J, which is fixed by 
if(p^'') X K'Ip'^^) by virtue of fllUI) . By the definition of the theta correspondence, if vr is an 
irreducible admissible representation of G' then there is a G'-covariant surjection 

V9 ■.TT(^S{W) e{n,v). 
Moreover, it is proven in chapter 5 of |12] that there is a i^^'-covariant surjection 

7r^'(p')®5o(iy) ^^^(7r,y)^(P'), 
where SoiW) = S{W)[^] or S{W)[!^] depending on the parity of k. 

Write the decompositions of n^*^'' ^ and So{W) into irreducible representations of K' as 

Up = dim RomK' (p, Up)p, 

p 

SoiW) = 5^n(p,A;)p. 

p 

Because ip was i^'-covariant, we have 

dim^(7rp,,,\/)^(P*) < 

oo 

J]dim^^(7rp„r)^(p'=) « 

1=1 



^n(p, k) dim Homi^/(p, TTp^j) 
p 

n{p, k) dim UoraK'ip-, Hp) 

p 

n{p, k) dim p 
p 

dim^o(W^) 
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This completes the proof of the upper bound in ([8]), and hence in Theorem [H 



4.2. The Lower Bound. To estabhsh the lower bound, we shall prove an injectivity result 
for the restriction of ip to some subspace of vr ® a; which strengthens the one given in section 
5 of [3^. Our main tool in doing so will be the local Rallis scalar product formula, which 
states that there is a nonzero constant c such that iiv^v' e tt and 0, 0' G cj, we have 

(11) {ip{v®4>),^{v' = c {uj{g)(P,4>'){7i{g)v,v')dg. 

Jg' 

See section 4 of [3] for a discussion and proof of this formula. We shall construct a large sub- 
space A d uj which is invariant under K\p^) x K{)p^) and such that {u{g)(t>, cp') is supported 
on K'{p'') for and 0' in A, after which will imply that ^ : tt^'^p") ® A ^ 9{tt, I^)^(p') 
is an injection. 

By our assumption that {V, V) lay in the stable range, we may decompose V as VoQ)Vi, 
where Vq -L V^i and Vq = X © F for X and Y two isotropic subspaces of dimension n' in 
duality. Furthermore, our assumption that L was self dual implies that we can arrange for 
this decomposition to satisfy L = L n X + L HY + L nVi, and we identify Vq with V © V* 
in such a way that L' and L'* correspond to L fl X and L CiY. Define Wo and Wi to be 
V ®Vo and V Vi respectively. If uq and ui are the Weil representations associated to the 
Heisenberg groups H(Wq) and H(Wi) then we have u = uo<^Ui, and G' acts via the product 
of its actions in each tensor factor. As V ® V* ~ End(V^') is a maximal isotropic subspace 
of Wq, we may work with the Schrodinger model of Uq on the Schwartz space iS(End(V^')). 
Because G' stabilises V © V* C Wq, the action of G' in iS(End(V"')) is (up to a character) 
given by 

w(fi')0(a;) = 0(5-"^ o x). 

We shall work with ui in the lattice model S{Wi) with respect to the lattice L' © (L fl Vi). 

Assume that k is even. Let £^ be a set of representatives for the equivalence classes of 
elements of GL{L' /p^L') under right multiplication by K' , and ioi t E £ let (pt G 5(End(y)) 
be the characteristic function of t. Suppose that t and t' are elements of and T, T' are 
elements of Supp(0() and Supp(0t/). Because T and T' are automorphisms of L', it follows 
that if gT = T' for g & G' then g must preserve L' so we have g E K' . It then follows that 

{u{g)(j)t,(l)t') = 6t,t'lK'{p'')ig), g e G' . 

If /i G G is the element which multiplies X ~ V* by p^/'^ and F ~ "K' by p~'^/^, then u{h)(l)t is 
a multiple of the characteristic function of the set p~^/^t + p'^/^End(L'). We let 0^ = uj{h)(f)f 

If t,t G S and 0, (j) G , we have 
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{ip{v®(t)1®(l)),^{v' ®uj{h~^)(l)t'®(l)')) = c {uj{g)(t)'l,uj{h'^)(l)t'){uj{g)(l),(t)'){Ti{g)v,v')dg 

JG' 

= c {uj{g)(f)t,(t>t>){uj{g)(f),(t>'){7i{g)v,v')dg 

JG' 

= c6t,t'{4>,(p'){v,v'). 

It follows from this that if we let {vi} be an orthonormal basis for rc^''^''''"^ and {0^} be an 
orthonormal basis for S'(Vri)[|], then the sets 

{if{vi ® 0° ® 0-)} and {(f{vi ® w(/i"^)0t ® 00} 
are dual to each other under the inner product on 6(71, V). Consequently, if we define A to 
be the span of the vectors {0^ ® 0^} then we have an injection n^'^^ ^ (g) A — )■ 6{tt, V), and 
it remains to show that K{p^) acts trivially on A to deduce that the image of this map lies 
in ^(7r,r)^(P'). 

Because we assumed that 0' was contained in 5'(Tyi)[|], it suffices to show that if S{Wo) 
is the lattice model for uq with respect to the lattice 

J = L' ®L'* ®L' ® L' 

and I : iS(End(V"')) — )■ S{Wo) is an intertwining operator between the two models, then 
/(0°) lies in 5'(VFo)[|]- We may choose / to be the map 

/(0)(x,i/)=V'(|(x,2/)) / 'iP{{z,y))<P{x + z)dz, xeV'®V'\ y eV ®V\ 

Jl'®l>* 

where ( , ) here denotes the pairing between V' ® V* and V ® V given by the tensor product 
of the Hermitian form ( , ) in the first factor and the natural pairing in the second factor. 
It follows easily from our description of 0° given earlier that /(0)(x,|/) vanishes if {x,y) lies 
outside p'^^/^J, and so 0° ® 0^ is fixed by K'{p''). We therefore have 



dim 0(77, > dimA X dimvr^'^P') 

> \£\ dim 5(1^1) [|] X dimvr^'C'') 

> A^fpK'-"(v"))fcjV'ip"'(""2"')''/2 dimvr^'^P'') 
» iV^(«"'/2-«(v"))fcdim7r^'(P'). 

Because this estimate is uniform in vr, we may combine it with the lower bound of ([7]) to 
deduce the lower bound in (|8]) and complete the proof of Theorem [H 
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